A quasi-analytical methodology was developed to model combined conduction-radiation heat transfer through the thickness of a reflective multi-layer insulator. This methodology was validated by the experimental result. It could be used for earlier steps of the design process of the high-temperature multi-layer insulators. Traditionally, radiation thermal conductivity approximation is used in the earlier stages of design. Despite the accuracy of this approach in steady-state cases, it yields to some unacceptable errors when the thermal load is transient. It was shown that old methodology can not predict maximum temperature and time of occurrences in acceptable margins. The developed model originated from the radiation thermal conductivity approximation. But unlike the primitive one, the developed model seems acceptable in transient cases. This model is based on consideration of thermal emittance through the thickness of the insulator. It can predict the maximum temperature of the structure and occurrences time with an error of less than 4%.
Mathematical Model
Heat transfer in a multi-layer insulator could be modeled by the heat transfer equation. Conduction and radiation heat transfer modes of heat transfer could be separated as illustrated in Eq. (1). (1) It is considered that energy is transmitted to the external hot side of the insulator (x=0) by convection. However, at the insulator's cold side (x=L), energy is transmitted to the substrate from the interface of structure and insulator, as presented in Eq. (2). Fig. 1 clarifiestheBC's. . Despite the criticisms existed to consideration of one-dimensional model for radiative heat transfer [23] , Error! Reference source not found.. The one-dimensional model is common in the simulation of combined conduction and radiation heat transfer [5] . The two-flux methodology could be used to find the one-dimensional radiation heat transfer. This methodology considers two different radiative heat fluxes which move from the hot side to the cold side of the insulator, and vice versa (see Fig. 2 ). The difference between these heat fluxes exhibits radiative heat flux anywhere in the insulator (Eq. (3)). 12 
Fig. 2 Schematic for internal radiation heat flux
Hot to cold and cold to hot radiative heat fluxes could be found by solving a boundary value differential equation system. This first order nonlinear differential equation system is presented in Eq. (4).
 Scattering and absorbance areas of a media are the ratio of the scattered and absorbed light to the total light hitting the media. This paper focuses on materials which have low absorptance area and high scattering area, relatively. Eq. (5) also presents Boundary Conditions of the boundary value system. The described BC could be deducted from Fig. 2 . 
Therefore,theheattransferequationandBC'scould be reduced as given in Eq.(7). Eq. (7) could be presented in another way. The term in BC of this equation may be placed in the heat differential equation by considering equivalent conductivity. Equivalent radiative thermal conductivity can be written as (8) . 
And Eq. (7) can be rewritten as Eq. (9 ).
This methodology was entitled as effective thermal conductivity approximation in different references Error! Reference source not found.. It is easy to show that (7) and (9) are similar especially in steady-state cases when ∂T/∂t=0. Effectiveness of this methodology was validated in several steady-state cases. Reflective multi-layer insulators reflect radiation energy using intermediate reflective surfaces. For more details, one can refer to Fig. 3 .
Fig. 3 HTI with a reflective surface
Considering infinitesimal thickness for the reflective surface, it would not affect on solid thermal conductivity of the insulator. In this case, the heat transfer equation and boundary conditions could be written as given in Eq. (10). Actually, intermediate surface redirects a major portion of the radiation energy (i.e. 1-ε xint ) to the hot side.
Otherportionofradiationenergy(i.e.ε xint ) would be absorbed by the reflective layer. This issue is considered in symbolizing the mathematical model. 
If more than one reflective surfaces are used, the mathematical model would be developed similarly. This model is called as, primitive model in this paper. As previously stated, the absorption mechanism is not considered in the primitive model. 
Model Assessment
The mathematical model is evaluated in a transient case. The theoretical model is assessed with the experiment result of a reflective multi-layer insulator. Daryabeigi probed an alumina-based insulator with five intermediate reflective surfaces located through the thickness of the multi-layer insulator. The alumina fibrous material is placed between the reflective gold coated layers. The thermal emissivity of the reflective layers is set to be 0.1, as measured by darayabeigi [9] . Optical properties of alumina fibrous material are considered, as below [27] . (12) The thermal capacity of alumina is considered to be 880 ℃ . The solid thermal conductivity of alumina is considered as shown in Fig. 4 [28] . The overall thickness of the insulator is 19.14 mm and reflective surfaces are positioned as described by Daryabeigi Error! Reference source not found.. In order to consider light scattering along the insulator, scattering area of the alumina is included in the model. But absorption mechanism was not applied, as expressed previously. The underlying structure is positioned 13.3 mm above a plate. The temperature of this plate is kept to be as low as 297°K, using water. An insulator with 13.3 mm thickness and 24.3 Kg/m 3 density is placed between the water-cooled plate and structure. The temperature of the hot side is changed as declared in Fig. 5 . 
Alumina Thermal conductivity
Using the primitive model, the transient structure temperature is probed. Fig. 6 shows numerical results and compares them with the experiment. Results show a high level of discrepancy, especially after 800 seconds when the hot side of the insulator does not warm, as shown in Fig. 5 . Fig. 6 Comparison of primitive analytical model with the experiment It seems that, ignoring the absorption mechanism yields to this error. It is aimed to consider the absorption mechanism in a simplified way, in the following section.
Developed Model
The absorption mechanism causes two different phenomena. It absorbs and simultaneously emits radiation heat flux. These two distinct phenomena are presented in Eq. (4). For simplification, the absorption phenomenon was not considered, but it was found that the emittance phenomenon should be taken in to account when the hot side does not warm. So, it is supposed that the insulator material located between the reflective layers, emits radiation to the enclosing top and bottom reflective layers. In other words, The emitted energy from each element of the insulator material confined between two reflective layers is divided between its top and bottom layers. Fig. 7 shows this matter.
Fig. 7 Division of the emitted radiation between the top and bottom surfaces of each layer
It will be stated that the manner of this division is related to the rate of temperature change of the external hot side or the internal cold side of the insulator, the distance between the emitting element and top or bottom reflective layer, temperature and thermal emissivity of the top or bottom reflective layers. This issue will be stated in details, as below. A portion of the emitted radiative energy from the elements, located between two near layers that absorbed by the top layer, named as Top Layer Share (TLS), is inversely proportional fourth power of top layer temperature. This is due to the fact that the emitted energy prefers to be absorbed by the cooler layer. Also, TLS is inversely proportional to the distance of the emitting element from the top layer. Insulator media resists against radiative heat transfer. So, emitted energy will be absorbed by the layer located closer to the emitting element. Furthermore, TLS is proportional to the thermal emissivity of the Top layer. Emitted energy will mostly be absorbed by the layer which has more thermal emissivity. Bottom Layer Share (BLS) could be achieved in a similar way. In addition, TLS depends on the rate of temperature change of the internal cold and external hot sides. The dependency is more complicated in comparison with former cases. This dependency relies on the fact that the emitted energy prefers to move toward the side which cools faster. If both of the internal cold and external hot sides get cold, the TLS will be proportional to the rate of change of temperature of the external hot side and similarly, the BLS is proportional to internal cold side temperature rate. In another case, if the external hot side temperature is almost constant but the internal cold side gets warm, TLS will be twice in comparison with BLS.
In same conditions, if the internal cold side gets cold, BLS will be twice, similarly. But if the external hot side gets cold and the internal cold side gets warm, TLS will be proportional to external hot side temperature rate value plus twice of the internal cold side temperature rate and BLS will be proportional to internal cold side temperature rate. The analytical formulation of TLS and BLS is stated as below. P   T  T  T  t  t  t   T  T  T  T  tt   T   tt  TT  tt  TT 
TLS and BLS should be computed for every element through the thickness of the insulator in each time step.
Finally, considering thermal emittance through the thickness of the insulator, the governing equation will be updated to what presented in Eq. (13) , in case of one reflective surface. The numerical explicit methodology is used to solve Eq. (13) . Fig. 8 shows that utilizing this model will reduce the errors of the primitive model. The error of the developed analytical model is less than 4%. Also, this model can predict the maximum temperature of the structure and its time of occurrences well. So, the analytical could be used in earlier stages of design. The main assumption of this model is ignoring the effect of the absorption mechanism on radiation heat transfer to the structure. Streed et al. introduced and experimentally verified a model for equivalent radiative thermal conductivity of the multi-layer insulation systems. This model considers the absorption mechanism effect on radiative heat transfer, as presented in Eq. (14) Error! Reference source not found.. (14) 22 ( (0) (
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Eq. (14) shows that the absorption mechanism affects on equivalent radiative thermal conductivity similar to scattering one. According to Eq. (11) and (14) it could be deduced that, in this case, the absorption mechanism will decrease the equivalent thermal conductivity only by less than 0.5%. So, it seems that not considering the effect of the absorption mechanism is acceptable. The following figure shows the influence of absorption area change on the structure temperature. As predictable, structure temperature would be increased if the absorption area becomes less. Vice versa, it is expected that increasing the absorption area will decrease the structure temperature. Fig. 9 Effect of absorption area change on the structure temperature From Fig. 9 , it is clear that increasing the absorption area by 30% will decrease the maximum structure temperature by 3.5%. But if the absorption area is reduced to 30% of its initial value. The structure temperature will be elevated by about 22%. Also, from Fig 6. It could be deduced that if the absorption area is not considered the structure temperature would be increased as high as 45%. Another important issue realized by Fig. 9 is the fact that the absorption area does reduce the time of occurrences of the maximum temperature by 200 seconds.
Conclusion
A quasi-mathematical model is developed to simulate combined conduction and radiation heat transfer through the thickness of a high-temperature reflective multi-layer insulator. The developed model is based on the effective thermal conductivity approximation. The quasi-analytical model fixes some weak points of the effective thermal conductivity approximation in transient thermal load cases. This model considers the thermal emittance of insulator elements through the thickness of the insulator. An engineering analysis is provided to estimate how the emitted energy is split between the top and bottom reflective layers. Then, the numerical result of the model is compared by experimental results in the transient case. The theoretical result shows good agreement with experimental results. Maximum temperature and time of occurrences are predicted by an error of less than 4%.
In comparison with the two flux and diffusion models, the developed model is simpler and consequently results in less computational cost which is an important issue in earlier stages of the design process. Furthermore, in comparison with the effective thermal conductivity model, this methodology simulates transient heat transfer, with more precision. 
